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A SEMI-GRAPHICAL METHOD OF ANALYSIS FOR 
HO RIZO NT ALLY CURVED BEAMS 
I. INTRODUCTION 
1. Introduction.-Horizontally curved fixed-end beams are space struc-
tures. The reactions of such beams consist of a bending moment, a twisting 
moment and a shear at each support. Symmetrically loaded beams are 
statically indeterminate to the first degree, and unsymmetrically loaded 
beams to the third degree. 
In statically indeterminate structures, providing there is no yielding 
of the supports and no change of temperature, the redundants must be 
such as to make the strain energy a minimum. 
The preceding statement is known as the Theorem of Least Work and 
is used in the analytical treatment of horizontally curved fixed-end beams. 
The solutions in the case of beams of circular-arc plan are relatively simple 
inasmuch as the mathematical expressions involved are readily integrable. 
The mathematical expressions for beams of non-circular-arc plan, how-
ever, are so involved that in place of integration it is expedient to substi-
tute the process of finite summation and to determine graphically the 
separate values of the summation. 
The moments and certain values of relationships expressed best as 
trigonometric functions are readily determinable graphically. 
2. Purpose.-The purpose of this treatise is to present a semi-graphical 
method of analysis of horizontally curved fixed-end beams. The beams 
may have any general plan. Although only beams of constant cross-section 
are treated, the principles presented may be extended to include beams of 
variable cross-section. 
The examples treated fall into three classes: 
(A) A symmetrical beam with a parabolic axis and loaded sym-
metrically with (a) uniform load, (b) concentrated loads, and (c) concen-
trated loads applied through projections extending from the beam. A case 
of a uniformly loaded beam having a circular-arc axis is also solved for 
purposes of comparison with the algebraic type of solution. 
(B) A symmetrical beam with a parabolic axis and with concentrated 
loads placed unsymmetrically. 
(C) An unsymmetrical beam with a parabolic axis and loaded uni-
formly. 
3. Acknowledgment.-The author is indebted to Mr. Charles I. Mansur, 
senior in the Civil Engineering Department. for the drawings and detailed 
computations. 
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4. Notation.-The following notation and sign conventions are used: 
M 0 Bending moment at plane of symmetry, C. 
M. Bending moment at right support. 
Mx Moment of the applied loads in X-direction. 
Mv Moment of the applied loads in Y-direction. 
Jvf Bending moment at any section. 
T 0 Twisting moment at plane of symmetry, C. 
T. Twisting moment at right support. 
T Twisting moment at any section. 
V 0 Shear at plane of symmetry, C. 
V, Shear, or reaction, at right support. 
0 Angle formed by the tangent at any section with the Y-axis, for 
the left segment of beam. 
</> Angle formed by the tangent at any section with the Y-axis, for 
right segment of beam. 
GK Torsional rigidity. 
EI Flexural rigidity. 
q Ratio EI/GK. 
s Length of axis of beam. 
W Work. 
The bending moment is taken as positive when it produces compression 
in the upper fibers of the beam. 
The sense of the moment, when represented by an arrow-head on a 
vector, is such as to direct the arrow-head away from the plane of the 
moment in the direction from which the rotation appears counter-
clockwise. 
5. Assumptions.-The following assumptions are made: 
(A) That Hooke's law is valid. 
(B) That the angular deformations are so small that sines and tan-
gents may be taken as equal to the angle in radians. 
(C) That the angle of twist per unit length of beam varies as T /GK. 
(D) That the angle of bending per unit length of beam varies as M / EI. 
II. SYMMETRICALLY LOADED HORIZONTALLY CURVED BEAMS 
6. General.-In the analysis of horizontally curved fixed-end beams 
that are symmetrically loaded, it is necessary to determine one more un-
known than is possible by the use of the conditions furnished by the laws 
of statics. An additional condition of equilibrium based on the elastic 
properties of such beams must be established. The Theorem of Least 
Work is used to establish this additional condition . 
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If a beam is imagined cut along the plane of symmetry that is perpen-
dicular to the plane of its axis, only a bending moment (Mc) applied at 
the cut is needed to produce continuity again. The equation for _work may 
then be written in terms of the bending moment Mc and the moments of 
the applied loads. Since the redundant Mc must be such as to make the 
strain energy a minimum, the partial derivative of the work with respect 
X -----------
~c_,. ___ _ 
Ii{ 
y 
Fig. 1. Left Half of Symmetrically Loaded Beam. 
to Mc may be set equal to zero. From this equation an expression for Nfc 
may be derived . 
7. Derivation.-lmagine a horizontally curved fixed-end beam cut 
along its plane of symmetry perpendicular to the plane of its axis. If the 
beam is loaded symmetrically it is obvious that the shear and twisting 
moment are zero at the cut. Then, to again produce continuity a moment 
must be applied at the cut, C. This moment, ll!lc, is the only unknown 
acting at C, as shown vectorially in Fig. 1. The positive directions of the 
moments due to the applied loads are also indicated in this figure. 
The bending and twisting moments at any point along the beam are 
functions of the bending moment at C and the moments of the applied 
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loads in the X- and Y-directions. The bending moment at any point along 
the beam due to the moment Mc is 
Mc sin 0 
and the twisting moment at any point along the beam due to the moment 
Mc is 
- Mc cos 0. 
The moments, at any section, in terms of M c and the moments of the 
loads may be expressed 
M = (Mc+ M x) sin 0 + My COS 0 
T = - (Mc + M x) COS 0 + My sin 0. 
(1) 
(2) 
Since the work of the vertical shear is negligible it may be omitted 
from the expression for total work. This expression may then be written 
f ,12 M2ds f ,12 r2ds W=2 --+2 --· 
o 2EI o 2GK 
(3) 
Forming the partial derivative of the work, W, with respect to the 
redundant, Mc, there results 
aw = 2f • l 2 Mds aM + 2f •1 2 Tds aT . 
aMc o EI aMc o GK aMc 
(4) 
Let aW/ aMc=O, since the redundant must be such as to make the 
strain energy a minimum. Further, note that aM/aMc =sin 0 and 
aTfaMc= -cos 0. Then equation (4) becomes 
f • 12 (Mc+ Mx) sin 0 + My COS 0 --------- --- sin 0 ds 
o EI _ f s /2 - (Mc+ M x) COS 0 + My sin 0 
- --- ---------- cos 0 ds = 0 . 
o GK 
(5) 
Solving this equation for Mc and substituting the process of finite 
summation for integration there results 
Mc=(LMysin20Lls _ LMysin20Lls _ LMxLlS + L Mxcos20Lls 
2GK 2EI 2EI 2EI 
_ L M xLlS _ L M x cos 20 Lls)/( J _ L cos 20 Lls 
2GK 2GK 2EI 2EI 
Lls 
+ L2GK+ L 
cos 20 Lls) . (6) 
2GK 
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For the case of constant cross-sections equation (6) may be written 
(q-1) L sin 20 M u'1s-(q+ 1) L M x'1s-(q-1) L cos 20 Mxlis 
M c=---- - --:=---------,- - - ---- (7) 
(q+l):Z:::'1s+(q-l)L cos 20/is 
where q =EI/GK. 
In the process of solving equation (7), it is necessary to determine the 
moment of the applied loads in both the X- and Y-directions and also the 
values of the sine and cosine of 20. It is expedient to use a graphical means 
for the determination of these functions, especially if the axis of the beam 
is non-circular. 
8. Applications of Semi-Graphical Method of A nalysis.-The procedure 
in the application of the semi-graphical method of analysis to symmetri-
cally loaded beams is illustrated by four completely solved examples. 
Three of these pertain to horizontally curved beams with axes of parabolic 
shape, and one to a beam whose axis is a circular arc. In two of these 
illustrative examples the beam is assumed to be loaded uniformly. In the 
third example two loads are assumed concentrated on the axis of the beam 
while in the fourth the two loads are concentrated on projections extending 
from the beam. 
The general procedure used in each example to obtain the information 
necessary to solve for A1c is as follows: Draw a plan view of the axis of 
the beam to scale and divide this line into equal lengths, e.g., ten for each 
half of the beam. Indicate the position of the loads that are acting on the 
beam. Construct a force diagram and a string polygon for the forces as if 
they were rotated into the plane of the paper. This should be done both 
for the forces considered parallel to the X-axis and for the forces con-
sidered parallel to the Y-axis. The product of the intercept cut by the 
string polygon and the pole distance is equal to the moment of the applied 
loads. Since the pole distance is constant the string polygons may be used, 
with the scale modified, as the moment diagrams for the applied loads. 
A circle with a radius equal to unity is used in the determination of the 
values of sin 20 and cos 20. Radii are drawn parallel to the tangent to the 
axis of the beam for each equal length of axis. A second set of radii are 
drawn so that each radius forms an angle with a radius in the Y-direction 
double the angle formed by the corresponding radius of the first set. The 
values of sin 20 and cos 2fJ, in each case, are equal to the lengths of the 
horizontal and vertical legs, respectively, of the right triangles whose 
hypotenuses are the radii of the second set. 
These scaled values are arranged in tabular form and the products 
and sums, necessary for the determination of M c, are computed. Then, 
upon substituting the proper values in equation (7) the value of M c may 
be determined. 
f 
k 
0 M, 
(C) 
lk j 
(a) 
i h 9 f e d C b 0 0 
+ 
M, 
(el 
UNIT RADIUS SEC. cos 28 SI N 28 M• M" M_,.COS 28 M SIN 28 
I -0.984 0.179 0.0 0.0 0 .00 0.00 
2 -0.892 0.450 - 1.8 - 0.4 + 1.61 - 0.16 
3 0.718 0.695 - 5.2 - 1.3 + 3 .73 - 0 .90 
4 -0.537 0.844 - 10.1 - 3 .6 + 5 .42 - 3-21 
5 -0.336 0 .941 - 15.8 - 7.5 + 5 .31 - 7.06 
6 -0. 171 0.983 -23.0 - 12.8 + 3.93 - 12 . .58 
7 -0.056 0.996 - 31.0 - 19.7 + 1.74 - 19.615 
8 +o.072 0 .996 - 39.6 -28.5 - 2.65 -28.39 
9 +0.151 0 ,988 - 48.8 -39. 1 - 7.37 -38.63 
10 +0.235 0 ,970 - 58 .9 - 51,2 -13-84 -49.66 
(f) ::e -3.236 -234.2 - 2.32 -160.27 
4 (-1eozti -e (-234.2) -4f-2.32J 1.r: 
M, = C, (10) + 4 (-3.2381 : • lC,. 4 
(g) 
Fig. 2. Example of Symmetrical Beam with Parabolic Axis, Loaded Uniformly. 
0 
b 
C 
d 
" f 
9 
h 
j 
k 
UNIFORM LOAD : ?100 LB. PER LIN. FT• 
,__. 
0 
METHOD OF ANALYSIS FOR HORIZONTALLY CURVED BEAMS 11 
a. Parabolic Axis, Uniform Load 
For the first example, a horizontally curved fixed-end beam with a 
parabolic axis and a uniform load is analyzed. The distance between sup-
ports is 30 ft. with the projection of the beam 10 ft. A uniform load of 
500 lb. per !in. ft. acts normal to the plane of the axis of the beam. The 
ratio of the stiffness in bending to the stiffness in twisting is taken as five 
(q=S). Figure 2(a) shows the axis of the beam drawn to scale. 
The procedure for the semi-graphical analysis is as follows: The left 
half of the beam is divided into ten equal sections preparatory to using 
the process of finite summation as indicated by equation (7) . Starting at 
the center of the beam the sections are numbered consecutively from one 
to ten. The spaces between the centers of the sections are lettered a, b, c, 
etc., as shown in Fig. 2. 
Consider the uniform load acting on each section as concentrated at 
its center. To determine the values of the moments Jl!IY of the applied 
loads in the Y-direction, draw a force diagram and a string polygon. 
Imagine the forces, acting at the centers of the sections, rotated through 
an angle of 90 degrees into the plane of the paper. The forces are repre-
sented by ab, be, cd, etc. and the force diagram drawn as shown in Fig. 
2(b). A convenient pole distance, 1-I=lO kips, is chosen and the rays 
drawn from O to a, b, c, etc. Next, the string polygon shown in Fig. 2(c) 
is drawn with the result that the distances between the strings are propor-
tional to the moments My. Their actual values are obtained by multi-
plying the intercepts of the string polygon which are in feet by the pole 
distance I-I which is in kips. Thus, if the scaled values of Fig. 2(c) are 
multiplied by 10 kips the values of the My's are obtained in foot-kips. 
The sense of the moments is represented by the arrow-heads. The values 
of the moments lVIx of the applied loads in the X-direction are obtained 
in a like manner. 
The trigonometric functions sin 20 and cos 20 are determined by the 
use of a large circle of unit radius, shown in Fig. 2(f), in conjunction with 
Fig. 2(a). For each division of the beam, such as 4 in Fig. 2(a), imagine a 
line drawn connecting the intercepts of the axis of the beam with the edges 
of the section. This line may be considered as being the tangent to the axis 
of the beam at the center of the section. Radii are then drawn from the 
center of the circle parallel to the tangent of each section. The angle 0 is 
the angle the tangent makes with the vertical. The angle 20 is then laid 
off as the angle subtended by twice the arc corresponding to the angle 0. 
The sines can be measured on the horizontal line indicated and the cosines 
on the vertical line. The values of sin 20 and cos 20 are then recorded in 
the table shown in Fig. 2(g). Next, the values of Mx and Mv are recorded 
and the indicated operations are performed. The results are substituted 
in equation (7) and the value of Mc computed. 
25 
20 
-~ 
-4( 15 
I 
-~ /0 
~" 5 
0 
\ 
\ ,........__ 
0 /0 20 .30 40 50 60 70 80 90 /00 
Yolues or 9 ={/ 
Fig. 3. Variation of Bending Moment, Mc, with Values of q_, for Uniform Load and Parabolic Axis. 
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The moment Mc is then laid off vectorially as shown in Fig. 2(a). 
To obtain the bending moment and twisting moment at any point along 
the axis of the beam it is necessary only to combine Mc, Mx and My 
vectorially and determine the components M and T as indicated in 
Fig. 2(a), both at section 4 and at the support. 
In the above illustrative example q = 5. Figure 3 is drawn to show the 
effect, on the bending moment at the center of the beam, of varying this 
stiffness ratio, q. The values of Mc are plotted for the range of q = 1 to 
q = 100. There is little change in the moment Mc for values of q greater 
than about 20. 
b. Parabolic Axis, Concentrated Loads 
In general, the procedure in the case of concentrated loads is the same 
as for the uniform load. Figure 4 shows the solution for the same beam with 
concentrated loads of 5 kips placed at the quarter-points, i.e., at the points 
one-fourth the distance from each support measured along a line con-
necting the two supports. 
c. Circular Axis, Uniform Load 
For the purpose of comparison of the semi-graphical solution with the 
algebraic one given by Oesterblom*, a curved beam with the axis the 
shape of a circular-arc is analyzed using both methods. Figure 5 shows 
the complete semi-graphical solution. The beam has a uniform load of 
1 kip per ft ., q = 3.25, and the subtended-arc 120 degrees . The radius of 
the axis of the beam is 10 ft. 
The moment at the center determined by Oesterblom's formula is 
Mc= wr2(U - 1) 
where 
2(q + 1) sin¢ - 2q¢ cos¢ u = -------------
(q + 1)¢ - (q - 1) sin ¢ cos ¢ 
w = uniform load per ft. 
r = radius of axis of beam 
q=EI/ GK 
¢=one-half the angle of the subtended-arc of the beam. 
Substituting the above data in this formula there is found for the 
moment at the center of the beam 
Mc= 1 X 102 X 0.138 = 13.8 ft.-kips. 
* Oesterblom , I. Bending and Torsion in Horizontally Curved Beams. Jour. Am. Con-
crete Inst., 3: 597-606. 1932. 
b ___ ,"_--j~a 
0 >-l 
(bl (C) t'1 
(a) C: z ..... 
+ t'1 
;,:I 
(e) 
o b 
~1 
[fJ ..... 
>-l 
0 
>rj 
..... 
[fJ 
[fJ 
0 
C: 
UNIT RADIUS SEC. cos 28 SIN 28 M, M, M,.C0.5 28 M1SIN 28 
;,:I ..... 
I -0.984 0.179 - - - - ttJ 
2 -0.892 0 .4!>0 - - - - C: t""' 
3 -0.718 0.695 - - - - t""' 
4 -0.537 0.844 - - - - t'1 >-l 
5 -0.336 0 .941 - 1-5 - 1.0 + 0 .50 - 0.94 
6 -0. 171 0 -983 - 6.9 - 6 .6 + 1-52 - 6 -66 
q=s ..... z 
7 -0.056 0 .998 - 16 .0 - 12.9 + 0 .90 -12.87 
8 +0.072 0 .996 -22 -3 - 19-6 - 1-61 -19.52 
9 +0.151 0 .988 -26.6 - 26-5 - 4 .32 -26'18 
10 +0.235 0 .970 -34.4 -33 .8 - 8 .08 -32.79 
:::;; -3.236 -I 11.7 -11.09 -96.98 
(f) 
_ 4(·98.9B)-eH11.1)- 4 (- 11.09l = 677 11, 
M. 0 (10)44 (-3.230) . 
Fig 4. Example of Symmetrical Beam wit h Parabolic Axis, with Symmetrical Concentrated Loads. 
0 (bl 
+ 
(fl 
(C) 
a b 
o---~- -
d 
h d b a 
(e) 
Fig. 5. Example of Circular-Arc Beam with Uniform Load. 
(a) 
-.,, 
q: 3 .25 
UNIFORM LOAD :::- 1000 LBS. PER LIN. FT. 
SEC. cos 28 SIN 28 .... M ,.cos 29 h4 SIN29 
I 0.997 0.103 0.0 0.0 0.00 0.00 
2 0.955 0.310 - I.I - 0.2 + 1.05 - 0.06 
3 0.872 0.495 - 3.2 - 0.6 + 2.79 - 0 .30 
4 0 .743 0.672 - 6 .3 - 1-7 + 4.68 - 1.14 
5 0.585 0.814 - 10.3 - 3-5 + 6.03 - 2 .85 
8 0.404 0.918 - 15.0 - 6.2 + 6.06 - 5 .89 
7 0 .207 0.981 -20-3 10. 1 + 4.20 - 9 .111 
8 0.000 1-000 -25.8 - 15.2 0.00 - 15.20 
9 0.201 0.981 - 31.8 - 21.8 - 6.58 -21.39 
10 0 .404 0 .918 - 37.5 - 29.7 -15.1 5 -27.28 
:::; 4.152 -151.3 + 3.08 -83.80 
M~= {3.25- I )(t::·:~)1~1{:-:~;~;:i.~;~31):~~5- 1)(3 .08) = • 13 .!1, ,. 
(g) 
0 
(bl 
.. .. 
(al 
+ 
(el 
O'<,-----------,b 
:7i a 
H = 10,._ 
NIT RADIUS SEC. cos 28 SIN 28 M• M, M.,.COS 29 M SlN 28 
I 1-0.984 0.179 - -- -- - -
2 0 .892 0-450 -- - - -
3 -0.718 0-695 - - - -
4 -0.537 0.844 - - - -
5 -0.33e 0.941 - 1.5 -26-0 + 0.50 24.47 
6 0 .1 71 0.983 - 8 .9 -31 -8 + 1.52 31.26 
7 -0.056 0.998 -16.0 - 37.9 + 0 .90 37.82 
8 +0.072 0.996 -22-3 -44-8 - 1-61 44-42 
9 +0.151 0.988 -28.6 - 51.5 - 4 .32 50.88 
10 +0.235 0.970 -34.4 - 58.8 - 8 .08 57.04 
:::;; -3-236 -I 11-7 -11 -09 -.!45-89 
(fl 
4{•245.&Q} -ef-111.1l-4f-ll .09) ..c 
Mc.c e (101 + 4 l-3.236) -s.n 
(g) 
Fig. 6. Example of Symmetrical Beam with Parabolic Axis, with Symmetrical Concentrated 
Loads Applied Through Projections. 
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On comparing this value with that obtained by the sem i-graph,ical 
method shown in Fig. 5 (Mc = 13.5 ft. -kips) it is seen t hat the results are 
sufficiently accurate for a ll practical purposes. 
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Fig. 8. Coefficients for the Determination of Moments, Due to the Applied Loads, at the 
Support in the X- and Y-Directions. 
d. Parabolic Axis, Loads Applied Through Projections 
Extending from the Beam 
Figure 6 shows the graphical solution for the case of a curved beam in 
which the loads are applied through projections extending from the beam. 
METHOD OF ANALYSIS FOR HORIZONTALLY CURVED BEAMS 19 
The procedure in this case is similar to that in which the loads are applied 
along the axis of the beam. The moment l11y is shown by solid lines when 
it is acting directly on the beam. The complete solution is shown in Fig. 6 
and is self-explanatory. 
e. Curves for Uniform Load, Parabolic Axis 
Figures 7 and 8 pertain to curved fixed-end beams whose axes are 
parabolic in shape. The curves in these figures are for a uniformly loaded 
beam and give the moment coefficients to be used in the calculations for 
Mc, and for Mx and MY at the support. The uniform load w is in lbs. per 
Jin. ft. or kips per Jin. ft. and the span L is in feet. Hence the moments 
are expressed either in ft.-lbs. or ft.-kips. 
To demonstrate the use of Figs. 7 and 8, assume a horizontally curved 
fixed-end beam with a parabolic axis having a span of 25 ft. and a projec-
tion of 10 ft. The beam is assumed to be of constant cross-section with 
q_ = 5, and loaded uniformly with a load of 1.5 kips per !in. ft. 
The procedure is as follows: Compute the p / L ratio which gives 0.4. 
From Fig. 7 it is seen that for q_=5 and p / L=0.4, C=0.0365, which, sub-
stituted in the formula stated in Fig. 7, gives 
Mc= CwL2 = 0.0365 X 1.5 X (25) 2 = 34.2 ft.-kips. 
This moment is at the center of the beam. If it is desired to obtain the 
bending and twisting moments at the support it is necessary to compute 
Mx and M 11 at the support. Figure 8 is given for this purpose. The expres-
sion for moment is the same as before, i.e., the moment is equal to 
a constant X wL2. For p/L=0.4, C=0.15 for Mx, and C=0.165 for Mu. 
The results of substituting these values in the expression for the moments 
are 
Mx = 0.15 X 1.5 X (25) 2 = 140.6 ft.-kips 
and 
Mu= 0.165 X 1.5 X (25) 2 = 154.7 ft.-kips . 
To determine the bending and twisting moments M and T, respec-
tively, at the support resolve the resultant of the moments Mc, Mx and M 11 
into components normal and parallel to the axis of the beam as shown in 
Fig. 9. 
Ill. UNSYMMETRICAL LOADS ON SYMMETRICAL BEAMS 
9. Derivation.-In the analysis of symmetrically curved beams that 
are unsymmetrically loaded, there are three more unknowns than can be 
determined by use of the conditions furnished by the equations of equi-
librium. For a beam cut at its plane of symmetry, the redundants include 
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Fig. 9. Resolution of Moments at the Support into Bending Moment 
and Twisting Moment. 
not only the bending moment at the cut but the shear and twisting mo-
ment as well. The work, W, may be expressed in terms of these three 
quantities and the moments of the applied loads. Then, using the Theorem 
of Least Work to furnish the necessary additional conditions, three equa-
tions are obtained in which the three redundants occur. Expressions for 
the bending moment, twisting moment and shear at the cut are obtained 
by simultaneously solving these equations. 
A view of the left half of the beam shown in Fig. 10 indicates the posi-
z I 
---~/ jM__ ___ _ 
I 
I 
I 
I 
{ 
Fig. 10. Left Half of Beam Showing Positive Directions of M,, T, and V,. 
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tions of the X-, Y- and Z-axes. The plane of symmetry YZ cuts the beam 
at C. The positive directions of the bending moment, twisting moment 
and shear are indicated at the end, C. Figure 11 shows the line diagram of 
the left half of the beam with the angle 0 and X - and Y-distances indicated. 
In order to express the bending and twisting moments, due to the 
I e(lt 
I t0 (1 
-- x _________ _ 
X 
y 
Fig. 11. Line Diagram of Left Half of Beam Showing Resolution of Moments Mc and Tc 
into Components Parallel and Normal to the Tangent at any Section. 
shear Ve, at any section in terms of the coordinates x and y, it is necessary 
to express the distances u and v (Fig. 11) in terms of x and y. The distance 
u is measured from C to the section under consideration along a tangent 
at the section. The perpendicular from C to the tangent at the section is 
the distance v. 
Figure 12 shows the portion of the beam between C and any section. 
It is seen that 
and 
v = AC = AB - CB = DE - CB 
= x cos 0 - y sin 0 
u = AF = AD + DF = BE+ DF 
= y cos 0 + x sin 0. 
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The bending moment and twisting moment at any point along the 
left half of the axis of the beam may now be expressed as follows: 
ML= Mc sin 0+ Ve u+Tc cos 0+M XL sin 0+MYL cos 0 
=Mc sin 0+ Vc(X sin 0+y cos 0)+Tc cos 0+M xL sin 0+M 11 L cos 0 (8) 
and 
TL= -Mc cos 0- Ve v+ T c sin 0-M XL cos 0+M YL sin 0 
= -M0 cos 0- Vc(x cos 0-y sin 0)+Tc sin 0-M xL cos 0+M 11 L sin 0. (9) 
Figure 13 shows the right half of the beam with the positive direc-
A 
Fig. 12. Line Diagram of Left Portion of Beam Showing u and v Distances. 
tions of Mc, Tc and Ve indicated . To have continuity, the value of M0 on 
the left half of the beam must be equal to the value on the right half. 
The values of T. and Ve on the left half of the beam must be equal to those 
on the right half but of opposite sign. 
The bending moment, MR, and twisting moment, TR, for the right 
half of the beam obtained in a manner similar to equations (8) and (9), 
are: 
MR=Mc sin <f,-Vcu-Tc cos <!>+M XR sin <!>+MYR cos <f, 
= Mc sin <f,- Vc(X sin <l>+Y cos <f,)-Tc cos <!>+M xR sin <t,+M YR cos <f, (10) 
B 
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and 
TR= -Mc cos <t>+ Ve v- Tc sin q,-M XR cos <t>+MYR sin¢ 
= -Mc cos <t>+ Vc(x cosq,-y sin¢)- Tc sin¢-M xR cos¢+M YR sin¢. (11) 
Since the work of the vertical shear is negligible, it may be omitted 
\ 
\ 
Fig. 13. View of Right Half of Symmetrical Beam Showing Positive Directions 
of M,, Tc and V, . 
from the expression for total work. The expression for total work, W, may 
then be written 
w = J s/2 M L2ds + J s/2 TL2ds + J s/2 MR2ds + J s/2 TR2ds . (12) 
o 2EI o 2GK o 2EI o 2GK 
The partial derivative of the work, W, with respect to each of the 
redundants, Mc, Tc and Ve, gives 
aw = Js /2 MLds aML + f 8'2 TLds aTL + f 8'2 MRds aMR 
aMc o GK aMc o GK aMc o EI aMc 
J 
s/ 2 TRds a TR + ----
0 GK aMc 
(13) 
24 THE UNIVERSITY OF MISSOURI BULLETIN 
aw = f s/Z MLds aML + f •12 TLds aTL f •12 MRds a MR + -- - -
aTc o EI a Tc o GK a TC o EI aTc f •12 TRds a TR + ----
o GK aTc 
and 
aw = f •12 M LdS aML + f s /Z T Lds a TL f s/Z MRds a MR + ----
ave o EI av c o GK av c o EI ave 
+ f s/ Z TRds a TR . 
o GK ave 
From equations (8), (9), (10) and (11) it is found that 
aML 
-- = sin 0 
aMc 
aTL 
-- = - cos 0 
aMc 
aMR 
-- = sin cp 
aMc 
aTR 
aMc 
aML 
- cos <I> 
-- = cos 0 
aTc 
aTL 
-- = sin 0 
aT" 
aMR 
a Tc 
- cos <I> 
arR 
aTc 
- sin cp 
aML 
- - = x sin 0 + y cos 0 
ave 
aTL 
- x cos 0 + y sin 0 
- x sin cp - y cos cp 
(14) 
(15) 
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and 
aTR 
-- = x cos </> - y sin </>. 
ave 
Substitute the above expressions in equations (13), (14) and (15) and 
set aw/ aMc=0, aw/ aTc=0 and aW/ aVc=0, since the redundants must 
be such as to make the strain energy a minimum. Then equations (13), 
(14) and (15) may be written 
J ,12 ds ML sin 0 -
o EI 
J ,12 ds M i cos 0-
o EI 
J ,12 ds J ,12 ds - T L cos 0 - + MR sin </> -
o GK o EI 
J ,12 ds - TR cos <t> - = 0 
o GK 
J ,12 ds J,12 ds + TL sin 0 - - MR cos </> -
o GK o EI 
J ,12 ds - TR sin <t> - = 0 
o GK 
J ,12 ds J ,12 ds ML(xsin0+ ycos0) - - T L(xcos0-ysin0) -
o EI o GK 
(16) 
(17) 
J ,12 ds J ,12 ds - MR(xsin<t> + ycos<f>)- + TR(xcos <f> - ysin¢) - =0. (18) 
o EI o GK 
Upon substituting the process of finite summation for integration and 
noting that since the beam is symmetrical </> =8, equations (16), (17) and 
(18) may also be written 
~s ~s L (M L + MR) sine -- - L (TL+ TR) cos0 -- = 0 
EI GK 
(19) 
~s ~s L (M L - M R) cos 0 - + L (TL - TR) sin 0 - = o 
EI GK 
(20) 
~s L (M L - MR)(xsin0 + ycos0)-
EI 
~s - L (TL - T R)(x cos 0 - y sin 0) - = 0 . (21) 
GK 
Also by equations (8) and (10) 
ML+ MR= 2Mc sin 0 + (M XL+ M xR) sin 0 + (MYL + MYR) cos 0 (22) 
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ML - MR = 2Vc(x sin 0 + y cos 0) + 2Tc cos 0 + (M xL - M xR) sin 0 
+ (MYL - MYR) cos 0, 
and by equations (9) and (11), 
(23) 
TL+ TR = - 2Mc COS 0 - (M xL + M xR) COS 0 + (M YL + M YR) sin 0 (24) 
TL - TR = - 2Vc(x cos 0 - y sin 0) + 2Tc sin 0 
- (M xL - M xR) cos 0 + (M 11 L - M 11R) sin 0. (25) 
Upon substitution of equations (22), (23), (24) and (25) in equations 
(19), (20) and (21) there are certain groups of terms that are repeated. 
To simplify these expressions let 
( ~s ~s) 
sin 0 cos 0 EI - GK = b (26) 
sin2 0 ~s cos 2 0 ~s 
+ = C (27) EI GK 
cos2 0 ~s sin2 0 ~s 
+ = d (28) 
EI GK 
XC + yb = D (29) 
and 
xb +yd= B. (30) 
Then equations (19), (20) and (21) may be expressed in the following 
simplified forms: 
2McL C + L (M "'L + M "'R)c + L (M 71 L + M 11R)b = 0 (31) 
2VcL B + 2TcL d + L (M "'L - M "'R) b+ L (MYL - MYR)d = 0 (32) 
2VcL (xD + yB) + 2TcL B + L (M "'L - M "'R)D 
+ L (MYL - MYR)B = 0. (33) 
The simultaneous solution of equations (31), (32) and (33) for Mc, Ve 
and Tc gives, respectively, 
L (MxL + MxR)c + L (MYL + MYR)b 
Mc= - 2L C 
Ve= - {[LB] [L (MxL - MxR)b + L (MYL - MYR)d] 
[I::a][I:: (MxL - MxR)D + L (MYL - MYR)B]}/ 
{ 2 [I: B ]2 - 2 [I: a][I:: (xD + yB)]} 
(34) 
(35) 
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and 
Tc= - / [L B][L (MxL - MxR)D + L (MYL - MYR)B] 
[L(xD + yB)][L (MxL - MxR)b + L (MYL - MYR)d]}j 
/ 2 [L B] 2 - 2 [I: d][L (xD + yB)]}. (36) 
To facilitate the use of equations (26), (27) and (28), it is expedient 
to substitute for the squares and products of the trigonometric functions 
their respective equivalents in terms of linear functions. The equations 
then become: 
and 
Lis 
b = (1 - q) sin 20 - -
2EI 
Lis Lis 
C = (1 + q) -- - (1 - q) COS 20 -
2EI 2El 
Lis Lis 
d = (1 + q) - + (1 - q) cos 20 - · 
2EI 2EI 
(37) 
(38) 
(39) 
10. Illustrative Example.-Consider a symmetrical horizontally curved 
fixed-end beam with concentrated loads of 10 kips and 5 kips as shown 
in Fig. 14. The distance between supports is 30 ft. and the projection 10 ft. 
A stiffness ratio of q = 5 is assumed. The trigonometric functions involved 
and the general properties of this beam may be obtained by consideration 
of only a half of the beam. Table I which supplements Fig. 14 gives tabu-
lated computations necessary in the application of equations (34), (35) 
and (36) to the solution of this particular example. It is evident that in 
the determination of the applied, bending and twisting moments both 
halves of the beam must be taken into consideration. 
Upon substituting the proper values from Table I in equations (34), 
(35) and (36) the following results are obtained: 
Mc = 10 .16 ft.-kips 
Ve= 0.848kips 
Tc = 1. 695 ft.-kips. 
The bending moment and twisting moment at any section is a function 
of Mx, My, Mc, Tc and Ve. All the moments can be represented by vectors 
as before. Since the shear Ve produces in the X-direction a moment equal 
to x Ve, this moment can be represented by the corresponding heights of a 
triangle whose altitude is the product of one-half the span and the shear. 
The construction of this triangle is shown in Fig. 14. 
The resultants of the moments in the X-direction, i.e., Jl;fc, Mx and xVc, 
are shown below the beam in the figure. The resultants of Tc, MY and 
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Fig. 14. Example of Symmetrical Beam with Parabolic Axis, Loaded Unsymmetrically. 
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I: 
sec. 
---
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
--
I: 
El 
q=-=5 
GK 
sin 28 cos 28 
------
o. 179 -0 .984 
0.4.50 -0.892 
0.695 -0. 718 
0.844 -0 .537 
0.941 -0 .336 
0.983 -0.171 
0 .998 -0 .056 
0.996 + 0.012 
0.988 +0.151 
0.970 + 0 .235 
-------
1-q 
--= -2 
2 
X y 
- --
0.93 0.04 
2. 76 0.34 
4.54. 0.92 
6.31 1. 77 
7 .81 2. 71 
9.29 3.84 
10. 70 5.09 
12.00 6 .40 
13.24 7 . 79 
14.42 9 . 24 
---
1-q 
b=--sin28 
2 
-0.358 
-0.900 
-1 .390 
-1. 688 
-1. 882 
-1. 966 
- 1.996 
-1.992 
-1. 976 
-1. 940 
TABLE l. 
SYMMETRICAL BEAM, UNSYMMETRICAL LOADS 
1+q 1-q 1 +q 1-q 
C =----- COS 28 d =--+-- cos 28 
2 2 2 2 
1-q 
--cos28 C d xb yd XC yb 
2 
+1.968 + 1.032 + 4..968 - 0.333 0.199 0.960 - 0.014 
+ 1. 784 + 1 . 216 + 4. 784 - 2.484 1.627 3.356 - 0 .306 
+1.436 + 1.564 + 4.436 - 6.311 4.081 7 . 101 - 1.279 
+ 1.074 + 1.926 + 4.074 -10 .651 7 .211 12. 153 - 2 .988 
+0 .672 + 2 .328 + 3.672 - 14.698 9 . 951 18.182 - 5 . 100 
+0 . 342 + 2 . 658 + 3 . 342 -18 . 264 12 .833 24.693 - 7 . 549 
+0.112 + 2.888 + 3.112 - 21.357 15.840 30.902 -10.160 
-0 . 144 + 3.144 + 2 .856 -23 . 904 18.278 37. 728 -12 . 749 
-0.302 + 3 .302 + 2 .698 - 26.162 21.017 4.3. 718 -15 .393 
-0.470 + 3.470 + 2.530 - 27 .975 23 .377 50.037 -17 . 926 
+23 .528 +36 . 4.72 
TABLE !.-Continued 
M,L MxR MyL MyR MxL+MxR M,L-MxR MyL +MyR IMyL-My J (MxL +MyRJ(M,L-MxR)b (M,L-M,R)D 
---------
- 3.0 - 1. 5 - 2.0 - 1.0 - 4.5 - 1.5 - 3 .0 - 1.0 - 10.5 2 . 82 - 19.6 
- 17 . 8 - 8.9 -13.6 - 6.8 - 26. 7 - 8.9 - 20.4 - 6.8 - 71.0 17. 50 - 152.6 
-32.0 -16.0 -25.8 -1 2.9 - 48.0 -16.0 - 38.7 -12.9 - 138.6 31.94 - 331. 9 
-44 .6 -22.3 -39.2 -19 . 6 - 66.9 - 22.3 - 58.8 -19.6 - 210.3 44.42 - 557 .o 
- 57 .2 - 28 .6 -53 .0 - 26 . 5 - 85 . 8 -28.6 - 79.5 - 26.5 - 283 .3 56.51 - 810 . 1 
-68 .8 -34.4 -67 .6 -33.8 -103 .2 -34.4 -101 .4 - 33.8 - 358 .1 66 . 74 -1104.6 
---------
-1071.8 219.93 -2975. 8 
B D yB xD 
- 0.134 0.94.6 - 0.005 0.88 
- 0.857 3.050 - 0.291 8.42 
- 2.230 5.822 - 2 . 052 26.43 
- 3 . 4.40 9.165 - 6.089 57 .83 
- 4. 747 13 .082 - 12 .864 102 .17 
- 5.431 17 .144 - 20. 855 159.27 
- 5.517 20. 742 - 28.082 221. 94 
- 5 . 626 24.979 - 36.006 299. 75 
- 5 .145 28 .325 - 40.080 375.02 
- 4.598 32 .111 - 42 . 486 4.63.04 
-----
- 37. 725 -188.8 10 1714.75 
(MyL +M11R)b (MyL-MyR)d (MyL-MyR)B 
5 .65 - 3 . 67 4. 75 
40. 11 - 22 . 73 36.93 
77 . 25 - 40.15 71.17 
117.13 - 55 . 98 110.27 
157 .09 - 71. 50 136.34 
196. 72 - 85.51 155 . 41 
593.95 -279.54 514.87 
N 
'-0 
30 THE UNIVERSITY OF MISSOURI BULLETIN 
yVc, i.e., the moments in the Y-direction obtained in a similar manner, 
are shown to the left of the beam for those acting on the left half and to 
the right for those acting on the right half. 
To obtain the bending and twisting moments at any section it is only 
necessary to determine the resultants of the moments in the X- and in 
the Y-directions and resolve this vector sum into components parallel and 
normal to the tangent at the given section . This procedure is somewhat 
similar to that indicated in Fig. 9. 
IV. UNSYMMETRICAL BEAMS 
11. Derivation.-For the case of unsymmetrical beams let M ., T, 
and V, be the bending moment, twisting moment and shear, respectively. 
at the right support. Equations (8) and (9) then become 
M = M. sin o+ V,(x sin o+y cos o)+T. cos o+M x sin o+ My cos 0 (40) 
T= -M. cos 0- v.(x cos 0-y sin o)+T. sin 0-M x cos o+M y sin 0. (41) 
Since the work of the vertical shear is negligible it may be omitted 
from the expression for total work. The expression for total work, W, may 
then be written 
f • M 2ds f • T 2ds W= -- + -· 
o 2EI o 2GK 
(42) 
Taking successively the partial derivatives of the work, W, with re-
spect to each of the redundants (M., T, and V.) the following three equa-
tions are obtained: 
and 
aw = f • Mds aM + f • !_ds aT (43) 
aM. O EI aM. O GK aM. 
aw = f • Mds aM + f • Tds !.!_ (44) 
ar. o EI ar. o GK ar. 
aw = f S M ds a M + f S T ds a T . 
(45) 
av. 0 EI a Vs O GK a Vs 
By partial differentiation of equations (40) and (41) it is found that 
aM 
-- = sin 0 
aM. 
aT 
aM. 
aM 
- cos 0 
- - = cos 0 
ar. 
and 
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aT 
-- = sin 0 
aT. 
aM 
-- = x sin 0 + y cos 0 
av. 
aT 
-- = - ( x cos 0 - y sin 0) . 
av. 
Substituting these relations in equations (43), (44) and (45) and setting 
aw/aM.=0, aw/aT.=0 and aw/aV.=0, since the redundants must be 
such as to make the strain energy a minimum, and also substituting the 
process of finite summation for integration, the following expressions are 
obtained: 
As As L M sin 0 - - L T cos 0 - = 0 ( 46) 
EI GK 
As As L M cos 0 - + L T sin 0 - = 0 ( 4 7) 
EI GK 
As As L M(x sin 0 + y cos 0) - - L T(x cos 0 - y sin 0) - = 0. (48) 
EI GK 
Substituting equations (26), (27), (28), (29), (30), (40) and (41) in 
equations (46), (47) and (48) the following simplified expressions may be 
written 
M, LC+ Vs L D + Ts Lb+ L M xC + L Mub = 0 (49) 
M,Lb+V,LB+TsLd+LMxb+LMud=0 (50) 
M,LD + V,L (xD + yB) + T,L B + L MxD + L MuB = 0. (51) 
The simultaneous solution of these three equations for M., T. and V., 
gives 
R 
M, =-
N 
(52) 
s 
T. =-
N 
(53) 
and 
(54) 
p 
Fig. 15. Example of Unsymmetrical Beam with Parabolic Axis, Loaded Uniformly. 
sec. 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
I: 
El 
q = -=5 
GK 
sin 28 
0 . 141 
0.276 
0 . 498 
0. 736 
0.907 
0.994 
0 . 980 
0.874 
o. 742 
0 . 607 
0.447 
0.308 
0.203 
0.104 
0 .041 
1 - q 
--= - 2 
2 
cos 20 
-0 . 991 
-0.962 
-0 . 868 
-0.679 
-0 .424 
-0. 109 
+ 0.209 
+0.489 
+ 0 .673 
+ o. 199 
+ 0.898 
+ o . 954 
+ 0.981 
+ 0.997 
+ 0 . 999 
X 
1.01 
2 . 87 
4.69 
6.42 
8 . 06 
9 . 52 
10 . 80 
11.83 
12.66 
13 . 32 
13 .82 
14. 16 
14.40 
14 . 52 
14.58 
y 
0.06 
0.26 
0.62 
1.26 
2 .15 
3 . 30 
4.65 
6 . 18 
7 .85 
9.60 
11.39 
13 . 21 
15.05 
16.92 
18. 78 
T A BLE II. 
U NSYMMETRICAL BEAM 
1 + q 1-q 
C = -- - -- COS 28 
2 2 
1-q 1-q 
b = -- sin 28 --cos28 
2 2 
- 0.282 +1.982 
- 0.552 + !.924 
- 0.996 + 1 . 736 
- 1. 472 + 1.358 
- 1 . 814 + 0.848 
- 1.988 + 0.218 
- 1.960 -0.418 
- 1. 748 -0. 978 
- 1.484 - 1.346 
- 1.214 - 1.598 
- 0.894 -1. 796 
- 0 . 616 -1. 908 
- 0.406 -1.962 
- 0.208 -1. 994 
- 0.082 -1. 998 
-15. 716 
1 + q 1 - q 
d = --+-- cos 28 
2 2 
C d xb yd XC y b 
1.018 4.98 2 - 0.285 0 . 299 1.028 - 0.017 
1.076 4 . 924 - 1.584 1.280 3.088 - 0 .144 
1.264 4. 736 - 4.671 2.936 5.928 - 0.618 
1.642 4 .358 - 9 . 450 5.491 10.542 - 1.855 
2 . 152 3.848 -14.621 8. 273 17 . 345 - 3.900 
2. 782 3.218 -18.926 10.619 26. 485 - 6.560 
3 . 4 18 2.582 - 21. 168 12. 006 36.914 - 9.114 
3 . 978 2.022 - 20.679 12 . 496 47 .060 -10 . 803 
4.346 1.654 -18 . 787 12. 984 55 .020 -1 1.649 
4 . 598 1.402 -16.170 13 .459 61 . 245 -11. 654 
4. 796 1.204 -12 . 355 13. 714 66 . 281 -10.183 
4.908 1.092 - 8. 723 14.425 69 .497 - 8. 137 
4.962 1.038 - 5.846 15 . 622 71. 453 - 6 . 110 
4.994 1.006 - 3.020 17 .022 72.513 - 3.519 
4 . 998 1.002 - 1.196 18. 818 72 .87 1 - 1.540 
50.932 39.068 
E I 
q=-=5 
GK 
sec. B 
1 + 0.014 
2 - 0.304 
3 - 1. 735 
4 - 3 .959 
5 - 6 . 348 
6 - 8.307 
7 - 9 . 162 
8 - 8 . 183 
9 - 5 . 803 
10 - 2 . 711 
11 + 1. 359 
12 + 5. 702 
13 + 9 . 776 
14 + 14.002 
15 + 11 . 622 
I: + 1.963 
1 - q 
- - =-2 
2 
D yB 
1 .011 + 0.001 
2 . 944 - 0 . 079 
5 .310 - 1.076 
8 . 687 - 4 . 988 
13 .445 - 13 . 648 
19 . 925 - 27 .413 
27 . 800 - 42 . 603 
36. 257 - 50 . 571 
43 .371 - 45 . 554 
49.59 1 - 26 . 026 
56 . 098 + 15 . 479 
61. 360 + 75.323 
65 . 343 + 147 . 129 
68 . 994 + 236.914 
71.331 + 330 . 941 
531.467 +593 .829 
x D 
1.021 
8 . 449 
24.904 
55 . 771 
108 .367 
189.686 
300 . 240 
428 . 920 
549 . 077 
660 . 552 
775 .274 
868.858 
940.939 
1001. 793 
1040 . 006 
6953 . 857 
TABLE IL- Continued 
UNSYMMETR ICAL BEAM 
1 + q 1 - q 1 + q 1 -q 
C = - - - -- COS 28 d =--+-- cos 28 
2 2 2 2 
M, M y M,b M,c M, D 
- 0 . 0 - 0 . 0 0 . 00 0 . 00 0 .00 
- 1.6 - 0 . 4 0 . 88 - 1.72 - 4 . 71 
- 5.1 - 1.1 5 . 08 - 6 . 45 - 27 .08 
-10 . 0 - 2.9 14 . 72 - 16 . 42 - 86. 87 
- 16 .0 - 6 .1 29 . 02 - 34 . 43 - 215 .12 
- 22 . 8 - 11. 5 45.33 - 63.43 - 454 . 29 
-29 . 8 - 19 . 0 58 . 41 - 101. 86 - 828. 44 
-36.5 - 29 .0 63.80 - 145 . 20 - 1323 .38 
- 43 .0 - 41.5 63 . 81 - 186 . 88 - 1864 . 95 
- 48 . 5 - 56 . 1 58 . 88 - 223 .00 - 2405 .16 
- 53 . 2 - 72. 7 47 . 56 - 255 . 15 - 2984.41 
- 56 . 8 - 91.4 34 . 99 - 278 . 77 - 3485.25 
- 59 .5 - 112.0 24.16 - 295 . 24 - 3887 . 91 
-61 .0 - 134 . 6 12 . 69 - 304. 63 - 4208.63 
-61.6 -159 .0 5 .05 - 307 .88 - 4393 . 99 
464.38 -2221.06 - 26170 .19 
Myb Myd M , B 
0 . 00 0 . 00 0 . 00 
0 . 22 - 1.97 + 0. 12 
1.10 - 5 . 21 + 1. 91 
4.27 - 12 . 64 + 11.48 
11.07 - 23.47 + 38 . 72 
22.86 - 37 . 01 + 95 . 53 
3 7 . 24 - 49 .06 + 174.08 
50.69 - 58 . 64 + 237 . 31 
61. 59 - 68.64 + 240 . 82 
68. 11 - 78.65 + 152 .09 
64.99 - 87 .53 - 98 .80 
56 . 30 - 99 . 81 - 521 . 16 
45 .47 -116.26 -1094 . 91 
28.00 -135 . 41 - 1884 . 67 
13.04 - 159.32 -2801. 90 
464 . 95 - 933 . 62 -5449 . 38 
where 
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N = (L c)(L B) 2 + (L d)(L D) 2 + (L b)2(L (xD + yB)) 
- (L c)(L d)(L (xD + yB)) - 2(L D)(L b)(L B) 
R = F(L B) 2 + H(L (xD + yB))(L b) + J(L d)(L D) 
- F(L (xD + yB))(L d) - H(L D)(L B) - J(L b)(L B) 
S = F(L (xD + yB))(L b) + H(L D) 2 + J(L c)(L B) 
- F(L B)(L D) - H(L (xD + yB))(L c) - J(L b)(L D) 
Q = F('E, d)(L, D) + H(L B)(L c) + J(L b) 2 
- F(L b)(L B) - H(L b)(L D) - J(L d)(L c), 
and in which 
F = - L M xC - L M yb 
fl = - L M xb - L M yd 
J = - LMxD- :Z:MyB. 
12. Illustrative Example.-Com:-ider an unsymmetrical beam having an 
axis of parabolic shape as shown in Fig. 15 and a stiffness ratio of q = 5. 
A uniform load of 500 lbs. per !in . ft . is assumed to be acting on the beam. 
It should be noted that the X- and Y-axes are rotated in such a manner 
that the X-axis is tangent to the axis of the beam at the right support. 
The quantities such as M., , ~My , sin 20, etc., must be determined with re-
"pect to these inclined axes. The values obtained from Fig. 15 are recorded 
in Table II and the indicated operations performed. 
Substituting the proper values in equations (52) , (53) and (54) the 
bending moment, twisting moment and shear at the right support are 
found to be as follows: 
M, = - 40.04 ft.-kips 
T. = 4 .448 ft. -kips 
V, = 7.01 kips. 
Using these values in conjunction with the scaled values of Mx, My, 
sin 0, cos 0, x and yin equations (40) and (41) the bending and twisting 
moments at any point on the beam may be determined . However, it is 
more expedient to determine these moments by combining the resultants 
of the moments in the X- and Y-directions shown in Fig. 15 and resolving 
their resultant into components parallel and normal to the axis of the 
beam at the point under consideration. 
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V. CONCLUDING REMARKS 
13. Concluding Remarks.-The semi-graphical method of analysis pre-
sented above may be used for any horizontally curved fixed-end beam 
provided the assumptions made in the derivations are fulfilled. The 
method is especially expedient in the case of symmetrically loaded beams 
of constant cross-section and it greatly facilitates the computations for 
beams with non-circular axes. 
Symmetrical beams with unsymmetrical loads are more laborious to 
analyze than symmetrically loaded beams inasmuch as the computations 
in the former case are more extem,ive. The graphical method may be used 
advantageously to determine certain numerical terms necessary in com-
puting the bending moment, twisting moment and shear for some point, 
such as at the plane of symmetry, and with this knowledge available the 
graphical method provides a convenient way of determining the bending 
and twisting moments at any point, especially in the case of beams with 
non-circular axes. 
The unsymmetrical beam may be analyzed with greater ease by a 
similar combination of graphical and algebraic methods than by algebraic 
methods alone. Such a procedure is illustrated in the last two examples. 
PUBLICATIONS OF THE STATION 
In the period 1910 to 1928 inclusive, a total of twenty-eight bulletins were pub-
lished under the following titles: 
Acetylene for Lighting Country Homes, by J. D. Bowles. (1910) 
Water Supp]y for Country Homes, by K. A. McVey. (1910) 
Sanitation and Sewage Disposal for Country Homes, by W. C. Davidson. (1910) 
The Heating Value and Proximate Analysis of Missouri Coals, by C. W. Marx 
and Paul Schweitzer. (1911) 
Friction and Lubrication Testing Apparatus, by Allan E. Flowers. (1911) 
Tests of Road Materials of Missouri, by W. S. Williams and Warren Roberts. 
(1911) 
The Use of Metal Conductors to Protect Buildings from Lightning, by E. W. 
Kellogg. (1912) 
Firing Tests on Missouri Coal, by H. N. Sharp. (1912) 
A Report on Steam Boiler Trials Under Operating Conditions, by A. L. Westcott. 
(1912) 
Economics of Rural Distribution of Electric Power, by L. E. Hildebrand. (1913) 
Comparative Tests of Cylinder Oils, by M. P. Weinbach. (1913) 
Artesian Waters of Missouri, by A. W. McCoy. (1913) 
Friction Tests ' of Lubricating Greases, and Oils, by A. L. Westcott. (1913) 
A Study of the Effects of Heat on Missouri Granites, by W. A. Tarr and L. M. 
Newman. (1913) 
A Preliminary Study Relating to the Water Resources of Missouri, by T. J. Rod-
house. (1914) 
The Economics of Electric Cooking, by P. W. Gumaer. (1915) 
Earth Roads and the Oiling of Earth Roads, by H. A. LaRue. (1916) 
Heat Transmission Through Boiler Tubes, by E. A. Fessenden and Jiles W. 
Haney. (1913-14, 1914-15). 
*Geology of Missouri, by E. B. Branson. (1919) 
Energy Necessary to Shear Steel of High Temperature, by Guy D. Newton. 
(1920) 
Water Supply and Sewage Disposal for Country Homes, by E. J. McCaustland. 
(1920) 
*Study Relating to the Water Resources of Missouri, by T. J. Rodhouse. (1920) 
*Experiments on the Extraction and Recovery of Radium from American Carno-
tite Ores, by H. H. Barker and Herman Schlundt. (1926) 
*The Grading of Earth Roads, by H. A. LaRue. (1923) 
*Experiments on Sun Flower Seed 0-il, by H. E. French and R. 0. Humphrey. 
(1926) 
Directory of Alumni and Former Students, College of Engineering. (1926) 
*Tests on Lubricating Oils, by Dr. Mary V. Dover. (1928) 
Reinforced Brickwork, by Mason Vaugh. (1928) 
*Bulletins available for distribution. Remainder out of print. 
No bulletins were published in the period 1929 to 1937 inclusive, although 
with the exception of a three year period when no funds were available, minor 
investigations and tests were continued. An active research -program is now in 
progress again. 
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